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Lecture 9

Proof of (b) (continued)
. We do the same trick as before : Shrick (a , b] to

make it compact al extend (an
, but to make it open . More precis

els
,

fix 250
,
and let a < ac a+d where & is small erough so

that fall-f (a)
. Similarly , let by bin butt

,
where In is

E

small enough so that Albi) Faceae, f(bu) .

There are such of (du)
by the right-continuity off . Then Ca

, b] ? Veteran icompacture of Ca
, by , here is N site

Thus
,

-((a , b)) = ((a
,
3) bi])= Ellan,bill Zinfan, but).

<N

Thus
,
we have classified/fully described all Borel measures on IR

which ove finite on bold sets
.

Measurable functions
.

Let (X
, I) and (4

,
5) be measurable spaces .

Det
.

A function f. X-Y is called (
, 5)-measurable if

f"(5)c
,
i
.
e
. for each J = 5 =(5) = I .

When Y ash Y are top . spaces (without any given Eal(),
we call a function fix->Y Borel if it is (B(X)

, B(Y)) -
measurable

,
i
. e . the A-preimage of each Bovel at is Bonal

.

When IX
,
3

,
M) is a measure space and Y is a top space ,

we call a function fix->Y Memeasurable if fis

(Meas
,
B(Y)) - measurable

,
i
.
e
.

the f-preimage of each Borl
set is measurable

.



Remark
.
The deaction of measurable is usymmetric, having a "smaller"

realgebra on the right in order to get a larger can of
functions which still one well-behaved

.
In particular

,
we

want continuous functions to be measurable
.

Prop . Continuous functions between hop spaces are Bonel
.

Proof
.

Let X
,
Y be dop , spaces al fix+Y be continuous

,
i
.
e
. Aapre-

images of
open sets we open .

We do a top-down proof:
44 3. = >B = 23(4) : f"(B1 is Bovel) · Then 3 contains all

open sets and is closed under complements and th unious

bease f↑commutes with these operations (unlike f)
,
so 5= B(T)

.

Caution : Compositions of measurable functions me typically not
M measurable

.
More precisely , Let (X

, M) , (Y, r), (2, )

be top , spaces equipped with Bol measures
/

e
.1 ,

all= (R
,
X)

.

Then for a M-meas
.

A : X-Y and

a -meas
. Function g : Y-E Here is no reason why

got should be - measurable bene for a Bone

Bez
, g"(B) is O-measurable so we have no

control over f"(g(B1) .
A construction of an excple where indeed got is
not -measurable will be outlined in HW

.

This motivates the following definition :

Def . Let X
,
Y he top . space .

A function fi X->Y is calledS

universally measurable if it is Memeasurable for all Benal

probability measures on X
.



Prop . Composition of universally measurable functions is universally
measur ble .

Prouf- HW
.

The following proposition is
,
in a way , why measure theory started beass

ptwise limits Ziemann integrable functions are usually not RiemannI

integrable , ach paise limits of rentinos functions are usually
not continuous .
In separable

metric spaces
W

Prop . Pointwise limits of Pemeasurable functions are Mrmeswable
.

jep.More precisely , for a meanespace (X
,
My al a metric space Y,

if the functions fu : X-Y are measurable and
fa - f : X- Y pointwise (i . e . Mfu(x) = A(x) for all =eX)

,
n - x

then f is measurable
.

Proof
. Again top-down Linking : 4t 3 : = (B = B(Y) : f-(B) = Mensm3

.

This is dearly a realy· bene Measu is and f"centes
with
3 at let the insee

dar At

Let U = Y be open .
For each xe X

/
if f(x)c U

,
ken

k
* nEIN fa(x)EU .

The converse is not true
,
but very close

.

Lit U = V Bi
,
where each Bi is an ball sit . Bi=U .

iEN Them
U
~-i : f(u) = (x = X : f(x)cu) =

iEIN
4 x =X = X= fake

Bi) = Y4xeX : &x fil bene :

: If f(x) = 4 then JiEIN s .
t
. f(x) - Bi

,
-X fu(x) = Bi

.

: If IiE IN i .t
.
** fu(x)4B: then f(x)= limfe(e) Bi

.



But for euch fixed ic IN (xeX : xe f! (i))= limit
/

filBi)= N Fir fli ,
which is o-meas beae (i) is

Detour to regularity of Boel measures
.

We prove a slightly stronger ver-
sion of regularity for Infinite measures .

r- finite

Regularity Revisited
.

Let X be a metric space and be a Bord

measure on X . Then M is strongly regular , i . e . for each Freas

set A = X
,

M(A) = int (M(U) : A cU open 3
=sp <MIC)

: As C dosed 3

Moreover
,
V328 I open UI

A with e

Proof . We've already preven (*) for finite measures of the last
statement with 3 is automatic

.

In general for a efinite
measure &

,
let X= NXu where Xu are BoreldM(u)< &.

Ca) To prove the approximation by open its , we replace end
Xu with Une Xu open with Mun)< &

.

Then let

Un?Un ArUn be an open set With d(Vn(AnUn)) -> /24+
-

her YUr= VARUn= A ad MVVLA) = 24224 1 = 2
.

u

(b) We shor as in (2) But WLOh , we could have baleen
Xa to be closed

.

See Lecture 7, Grollar of regularity .


